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Noncompact CPN as a phase space of superintegrable systems
Erik Khastyan,1, ∗ Armen Nersessian,1, 2, 3, † and Hovhannes Shmavonyan1, ‡
1Yerevan Physics Institute, 2 Alikhanian Brothers St., Yerevan 0036 Armenia
2Yerevan State University, 1 Alex Manoogian St., Yerevan, 0025, Armenia
3Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Russia
We propose the description of superintegrable models with dynamical so(1.2) symmetry, and
of the generic superintegrable deformations of oscillator and Coulomb systems in terms of higher-
dimensional Klein model (the non-compact analog of complex projective space) playing the role of
phase space. We present the expressions of the constants of motion of these systems via Killing
potentials defining the su(N.1) isometries of the Ka¨hler structure.
I. INTRODUCTION
The symplectic manifolds are the even-dimensional manifolds equipped with closed non-degenerate two-form, which
yields the non-degenerate Poisson brackets (see, e.g. [1]). In accordance with Darboux theorem any symplectic structure
can locally be presented in the canonical form corresponding to the canonical Poisson brackets. Furthermore, any
cotangent bundle of Riemann manifold can be equipped with the globally defined canonical symplectic structure. Hence,
for the Hamiltonian description of systems of particles moving on the Riemann space we can restrict ourselves by the
canonical symplectic structure (and canonical Poisson brackets). The non-canonical Poisson brackets are usually used for
the description of more sophisticated systems, say, various modifications of tops, (iso)spin dynamics, etc. An important
class of symplectic manifolds are Ka¨hler manifolds, which are the Hermitian manifolds whose imaginary parts define the
symplectic structures. Ka¨hler manifolds are highly common objects in almost all areas of theoretical physics, especially
in the supergravity and string theory. However, they usually appear as configuration spaces of the particles and fields.
Only in a limited number of physical problems they appear as phase spaces, mostly for the description of various
versions of Hall effect, including its higher-dimensional generalizatons (see, e.g. [2, 3] and refs therein and to them).
Respectively, the number of the known nontrivial (super)integrable systems with Ka¨hler phase space is very restricted,
and their study is on the margin of the theory of integrable systems. This is especially surprising, given that quantization
of the systems with Ka¨hler phase space has been in the focus of modern geometry since the invention of the concept
of geometric quantization. An exceptional integrable model with Ka¨hler phase space extensively studied nowadays is
( compactified ) Ruijesnaars-Schneider model [4], but even this system is mostly studied in canonical coordinates. On
the other hand, relation of the (existing) integrable systems and of its constants of motion with the isometries of Ka¨hler
manifold considered as a phase space can be useful to understand the geometry of the system, and could be an important
step for the quantization in non-canonical coordinates.
A very simple example of such system is one-dimensional conformal mechanics formulated in terms of the Klein
model of Lobachevsky plane (“noncompact complex projective plane”) played the role of phase space [5]. Such descrip-
tion, besides elegance, allows to immediately construct its N = 2k superconformal extension associated with su(1.1|k)
superalgebra. Similar formulation of the higher-dimensional systems was given in [6, 7] with the aim to geometrize
(and generalize to higher dimensions) the so-called ”holomorphic factorization approach” [8] to the (two-dimensional)
superintegrable oscillator- and Coulomb-like systems invented in [9] and extended to the spheres and hyperboloids in
[10]. It was based on the separation of ”radial” part of the system (spanned by the generators of so(1.2) dynamical
symmetry algebra), from the ”angular” part, given by the Casimir of so(1.2) [11]. As a result, the integrable generaliza-
tions of conformal mechanics, and of the (Euclidian, spherical and hyperbolical) oscillator and Coulomb systems were
formulated on the non-Ka¨hler phase space C˜P
1×M, with C˜P1 being a Lobachevsky plane (”noncompact complex pro-
jective plane”) parameterized by the radial coordinate and momentum, and withM being the phase space of ”angular”
part of conformal mechanics. So, the higher-dimensional extension of the approach suggested in [5] led to the loss of
su(1|1)-symmetric Ka¨hler structure of the phase space. Nevertheless, a few interesting observations were made there,
particularly the unified formulation, in terms of complex phase space coordinates, of the hidden symmetry generators
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2of the maximally superintegrable deformations oscillator- and Coulomb-like systems and of their generalizations to the
spheres and hyperboloids [12].
It this paper we consider the higher-dimensional systems with su(1.N)-symmetric Ka¨hler phase space which can
be considered as a non-compact version of complex projective space. The Ka¨hler structure is parameterized by the
complex variable w, Im w < 0, and by the N − 1 complex variables zα, |zα| ∈ [0,∞), arg zα ∈ [0; 2pi). It can
be considered as the N -dimensional extension of the Klein model. We connect the complex coordinate w with the
radial coordinate and momentum of the conformal-mechanical system spanned by su(1.1) subalgebra, and zα with
the angular part of that conformal mechanics. Relating the angular coordinates and momenta with the action-angle
variables of the angular part of the integrable conformal mechanics, we describe all symmetries of the generic
superintegrable conformal-mechanical systems in terms of the powers of the su(1.N) isometry generators. Then we
consider the maximally superintegrable generalizations of the Euclidian oscillator/Coulomb systems and express all
the symmetries of these superintegrable systems via su(1.N) isometry generators as well. Hence, for the systems on
Euclidian spaces we perform complete “Ka¨hlerization” of the construction suggested in [7]. Moreover, it seems that in
these terms we can construct their N -extended superconformal extensions, as it was done in [5] for one-dimensional case.
The paper is organized as follows.
In Section 2 we present the basic facts on Ka¨hler geometry which will be used in our consideration. In Section 3 we
describe the N -dimensional generalization of the Klein model which possesses the su(1.N)-invariant Ka¨hler structure.
Then we constuct, by the use of its isometry generators, the superintegrable models of conformal mechanics and of the
oscillator- and Coulomb-like systems. In Section 4 we transit to the canonical coordinates and relate them with the
radial coordinate and momentum spanned by su(1.1) algebra, and with the action-angle variable of its angular part.
We also construct the whole symmetry algebra of the generic maximally superintegrable deformations of the oscillator
and Coulomb problems, in terms of isometry generators.
II. PRELIMINARY
The symplectic manifold (M,ω) is the even-dimensional manifold equipped with closed non-degenerate two-form
ω =
1
2
ωij(x)dx
i ∧ dxj : dω = 0, detωij 6= 0. (1)
This two-form defines the non-degenerate Poisson brackets
{f, g} = ωij(x) ∂f
∂xi
∂g
∂xj
, with ωijωjk = δ
i
k. (2)
Ka¨hler manifold is the manifold with Hermitian metrics ds2 = gab¯dz
adz¯b whose imaginary part defines the symplectic
structure
ωM = ıgab¯dz
a ∧ dz¯b, dωM = 0 ⇒ gab¯dzadz¯b =
∂2K
∂za∂z¯b
dzadz¯b, (3)
where K(z, z¯) is a real function (Ka¨hler potential) defined up to holomorphic and antiholomorphic functions: K(z, z¯)→
K(z, z¯) + U(z) + U¯(z¯).
Hence, Ka¨hler manifold can be equipped with the Poisson brackets
{f, g}M = ıga¯b
( ∂f
∂z¯a
∂g
∂zb
− ∂g
∂z¯a
∂f
∂zb
)
, ga¯bgbc¯ = δ
a¯
c¯ . (4)
Therefore, the isometries of Ka¨hler structure should preserve both complex and symplectic structures, i.e. they are
defined by the holomorphic Hamiltonian vector fields,
Vµ = {hµ, }M = V aµ (z)
∂
∂za
+ V¯ a¯µ (z¯)
∂
∂z¯a
, V aµ = ıg
b¯a∂b¯hµ(z, z¯) . (5)
The real function hµ(z, z¯) (sometimes called Killing potential) obeys the equation
∂2hµ
∂za∂zb
− Γcab
∂hµ
∂zc
= 0, (6)
3with Γcab = g
cd¯∂agbd¯ being the non-vanishing components of the Christoffel symbols.
The most known examples of nontrivial Ka¨hler manifolds are the N -dimensional complex projective space CPN and
its non-compact analog which we will further denote as C˜P
N
. They can be equipped with the su(N + 1)-invariant (for
the compact case) and the su(N.1) invariant (for the non-compact case) Ka¨hler metrics, known as the Fubini-Study
ones. These metrics and respective Ka¨hler potentials are defined by the expressions (with the upper sign corresponding
to CPN , and the lower sign to C˜P
N
) 1
gab¯dz
adz¯b =
gdzdz¯
1± zz¯ ∓
g(z¯dz)(zdz¯)
(1± zz¯)2 , K = ±g log(1± zz¯) (7)
where we introduced the positive constant parameter g > 0 for further convenience. Let us notice that the complex
projective space CPN is defined by the N +1 charts, while its noncompact analog C˜P
N
by the single chart. Moreover,
in the latter case the range of validity of the coordinates za is as follows
|za| < 1,
N∑
a=1
zaz¯a < 1 (8)
The inverse metrics defining Poisson brackets is given by the expression ga¯b = 1g (1±zz¯)(δa¯b± z¯azb), while the isometries
are defined by the Killing potentials
hab¯ = g
z¯azb ∓ δab¯
1± zz¯ , ha = g
2z¯a
1± zz¯ , ha¯ = g
2za
1± zz¯ . (9)
These generators form the su(N + 1) algebra for the upper sign, and the su(N.1) for the lower one(the generators hab¯
form u(N) algebra):
{ha, hb} = 0, {ha, hb¯} = −4ıhab¯, {ha, hbc¯} = ±ı (δac¯hb + δbc¯ha) , {hab¯, hcd¯} = ±ı(δad¯hcb¯ − δb¯chad¯). (10)
Poincare´ and Klein models of the Lobachevsky plane
The one-dimensional noncompact complex projective space C˜P
1
is the Lobachevsky plane (upper sheet of two-sheet
hyperboloid) proper. Its Fubini-Study metrics results in the su(1.1) = so(1.2)-invariant Ka¨hler metric parameterized by
the unit disc of two-dimensional plane, which is known as Poincare´ model [13]
ds2 =
gdzdz¯
(1 − zz¯)2 , ⇒ K = −g log(1− zz¯), |z| < 1. (11)
In this particular case the Killing potentials read
h = g
1 + zz¯
1− zz¯ , h+ = g
2z¯
1− zz¯ , h− = g
2z
1− zz¯ : {h+, h−} = −4ıh, {h±, h} = ∓2ıh±. (12)
Performing the transformation
z =
1− ıw
1 + ıw
(13)
we arrive at the so-called Klein model parameterized by upper two-dimensional half-plane [13]
ds2 =
gdwdw¯
[ı(w − w¯)]2 , K = −g log[ı(w − w¯)], Im w < 0. (14)
1 Through this section we use the notation zz¯ ≡
∑
N
c=1
z
c
z¯
c, zdz¯ ≡
∑
N
c=1
z
c
dz¯
c etc.
4The Poisson brackets corresponding to this structure are defined by the relation
{w, w¯} = − ı
g
(w − w¯)2, (15)
while the Killing potentials read
h = g
ww¯ + 1
ı(w − w¯) , h+ = g
(1 + ıw)(1 + ıw¯)
ı(w − w¯) , h− = g
(1− ıw)(1 − ıw¯)
ı(w − w¯) . (16)
Instead of these generators it is more convenient to use their linear combinations
H0 = g
ww¯
ı(w−w¯) , K0 =
g
ı(w−w¯) , D0 = g
w¯+w
ı(w−w¯) : (17)
{K0, H0} = D0, {D0, H0} = 2H0, {K0, D0} = 2K0. (18)
Introducing the canonical phase space variables (p, x) [5]
w =
p
x
− ı g
x2
: {x, p} = 1, (19)
we can represent the Killing potentials in the standard form of the generators of one-dimenisional conformal mechanics
[14]
H0 =
p2
2
+
g2
2x2
, K0 =
x2
2
, D0 = px. (20)
In the next Section we will extend this mapping to the higher-dimensional noncompact complex projective space.
III. NONCOMPACT COMPLEX PROJECTIVE SPACE: KLEIN MODEL
Let us construct N -dimensional analog of the Klein model from the Fubini-Study structure of noncompact complex
projective space C˜P
N
given by the expressions (7) with a lower sign. For this purpose we perform the transformation
zN =
1− ıw
1 + ıw
, zα =
√
2
z˜α
1 + ıw
, (21)
which yields the following expressions for the Ka¨hler structure and potential (here and further instead of z˜α we use the
former notation zα)
ds2 =
g[dw + ız¯αdzα][dw¯ − ızβdz¯β)]
[ı(w − w¯)− zγ z¯γ ]2 +
gdzαdz¯α
ı(w − w¯)− zγ z¯γ , (22)
K = −g log [ı(w − w¯)− zγ z¯γ ] , α, β, γ = 1, . . .N − 1, (23)
with the following range of validity of the coordinates w, zα
Im w < 0,
N−1∑
α=1
zαz¯α < −2 Im w. (24)
The respective Poisson brackets are defined by the relations
{w, w¯} = −A(w − w¯), {w, z¯α} = Az¯α, {zα, z¯β} = ıAδβ¯α, (25)
where
A :=
ı(w − w¯)− zγ z¯γ
g
. (26)
5The Killing potentials of the Ka¨hler structure (23) are defined by the expressions
hNN¯ =
ww¯ + 1
A
, hαN¯ =
1√
2
z¯α(1− ıw)
A
, hαβ¯ =
z¯αzβ + 12δαβ¯(1 + ıw)(1 − ıw¯)
A
(27)
hN =
(1 + ıw)(1 + ıw¯)
A
, hα =
√
2
z¯α(1 + ıw)
A
. (28)
These potentials form su(N.1) algebra, which in the given notation reads the same as in (10) with a lower sign and
a = N,α. Below we will refer to this representation as the N -dimensional Klein model.
For our purposes, instead of Killing potentials (27),(28) it is more convenient to use the following ones
H =
ww¯
A
, K =
1
A
, D =
w + w¯
A
, HαN¯ =
z¯αw
A
, Hα =
z¯α
A
, Hαβ¯ =
z¯αzβ
A
. (29)
Certainly, these functions are not independent, for there are many obvious relations between them, e.g.
H =
1
2
N−1∑
α=1
HαN¯ H¯Nα¯
Hαα¯
, Hαβ¯ =
HαHβ¯
K
, etc. (30)
In these terms the su(1.N) algebra relations read
{H,K} = −D, {H,D} = −2H, {K,D} = 2K, (31)
{H,Hα} = −HαN¯ , {H,HαN¯} = {H,Hαβ¯} = 0, (32)
{K,HαN¯} = Hα, {K,Hα} = {K,Hαβ¯} = 0, (33)
{D,Hα} = −Hα, {D,HαN¯} = HαN¯ , {D,Hαβ¯} = 0, (34)
{Hα, Hβ} = {HαN¯ , HβN¯} = {Hα, HβN¯} = 0, (35)
{Hα, Hβ¯} = −ıKδαβ¯, {HαN¯ , HNβ¯} = −ıHδαβ¯, {Hαβ¯, Hγδ¯} = ı(Hαδ¯δγβ¯ −Hγβ¯δαδ¯), (36)
{Hα, HNβ¯} = Hαβ¯ + 12
(
g +
∑
γ Hγγ¯ − ıD
)
δαβ¯ , (37)
{Hα, Hβγ¯} = −ıHβδαγ¯ , {HαN¯ , Hβγ¯} = −ıHβN¯δαγ¯ . (38)
So, the generators H,K,D define the conformal algebra su(1.1) = so(1.2), and the generators Hαβ¯ define the algebra
u(N − 1).
It is seen that
• the Hamiltonian H has two sets of constants of motionHNα and Hαβ¯ (see (32)), therefore it defines superintegrable
system;
• the Hamiltonian K has two sets of constants of motion as well, Hα and Hαβ¯ (see(33)). Thus, it defines the
superintegrable system as well;
• the triples (H,HNα, Hαβ¯) and (K,Hα, Hαβ¯) transform into each other within discrete transformation
(w, zα)→ (− 1
w
,
zα
w
) ⇒ D → −D,
{
(H,HNα, Hαβ¯)→ (K,−Hα, Hαβ),
(K,Hα, Hαβ)→ (H,−HNα, Hαβ¯) . (39)
Adding to the Hamiltonian H the appropriate function of K, we get the superintegrable oscillator- and Coulomb-like
systems.
Oscillator-like Hamiltonian
We define the oscillator-like Hamiltonian by the expression (cf.(20))
Hosc = H + ω
2K (40)
6and introduce the following generators
Aα = HαN¯ + ıωHα, Bα = HαN¯ − ıωHα :
{ {Hosc, Aα} = −ıωAα
{Hosc, Bα} = ıωBα . (41)
These generators and their complex conjugates form the following algebra
{Aα, A¯β} = −ı
(
Hosc − ω(g +
∑N−1
γ=1 Hγγ¯)
)
δαβ¯ + 2ıωHαβ¯, (42)
{Bα, B¯β} = −ı
(
Hosc + ω(g +
∑N−1
γ=1 Hγγ¯)
)
δαβ¯ − 2ıωHαβ¯, (43)
{Aα, B¯β} = −ıδαβ¯
(
Hosc − 2ω2K + ıωD
)
, (44)
with their Poisson brackets with Hαβ¯ reading
{Aα, Hβγ¯} = −ıδαγ¯Aβ , {Bα, Hβγ¯} = −ıδαγ¯Bβ . (45)
Then we immediately deduce that the Hamiltonian (40) besides Hαβ¯ , has the additional constants of motion which
provide the system by the maximal superintegrability property
Mαβ = AαBβ = HαN¯HβN¯ + ω
2HαHβ + ıω(HαHβN¯ −HαN¯Hβ) =
z¯αz¯β
A2
(w2 + ω2) : {Hosc,Mαβ} = 0. (46)
For sure, these constants of motion are functionally dependent, so that among them one can choose the N − 1 integrals
which guarantee superintegrability of the system, e.g. Pα ≡ Pαα only, like in [7]. The generators (46) and the su(N)
generators Hαβ form the following symmetry algebra
{Hαβ¯ ,Mγδ} = ıδβ¯γMαδ + ıδβ¯δMγα, {Mαβ,Mγδ} = 0, (47)
Coulomb-like Hamiltonian
We define the Coulomb-like Hamiltonian with the additional constants of motion which provide the system by the
maximal superinetgrability property as follows (cf. (20))
HCoul = H − γ√
2K
, Rα = HαN¯ + ıγ
Hα
(g +
∑N−1
γ=1 Hγγ¯)
√
2K
: {HCoul, Rα} = {HCoul, Hαβ¯} = 0. (48)
The whole symmetry algebra is as follows
{Rα, Rβ¯} = −ıδαβ¯
(
HCoul− ıγ
2
2(g +
∑N−1
γ=1 Hγγ¯)
2
)
+
ıγ2Hαβ¯
2(g +
∑N−1
γ=1 Hγγ¯)
3
, {Hαβ¯ , Rγ} = ıδγβ¯Rα, {Rα, Rβ} = 0. (49)
To clarify the origin of these models it is convenient to transit to the canonical coordinates.
IV. CANONICAL COORDINATES
For the introduction of the canonical coordinates we transit from the complex coordinates to the real ones
w = x+ ıy, zα = qαe
ıϕα , where y < 0, qα ≥ 0, ϕα ∈ [0, 2pi), q2 :=
N−1∑
α=1
q2α < −2y. (50)
Then we write down the symplectic/Ka¨hler one-form and identify it with the canonical one
A = −g
2
dw + dw¯ − ı(zαdz¯α − z¯αdzα)
ı(w¯ − w) − zγ z¯γ := pxdx+ piαdϕα. (51)
7This yields the following expressions for the canonical coordinates and momenta,
px = g
1
2y + q2
, piα = −g q
2
α
2y + q2
⇔ qα =
√
−piα
px
, y =
pi + g
2px
, with pi :=
N−1∑
α=1
piα (52)
Thus, the complex coordinates are expressed via canonical ones as follows
w = x+ ı
pi + g
2px
, zα =
√
−piα
px
eıϕα . (53)
For the complete analogy with one-dimensional case [5] we perform further canonical transformation (x, px) →
(pr/r,−r2/2) and re-write the above expression in a more convenient form
w =
pr
r
− ıpi + g
r2
, zα =
√
2piα
r
eıϕα , with r > 0, piα ≥ 0, ϕα ∈ [0, 2pi). (54)
and
A =
ı(w¯ − w) − zγ z¯γ
g
=
2
r2
. (55)
In these terms the generators of conformal algebra (31) take the form of conformal mechanics with separated ”radial”
and ”angular” parts (cf. [11]),
H =
p2r
2
+
I
r2
, K =
r2
2
, D = prr, (56)
where the angular part of Hamiltonian is given by the expression
I = 1
2
(
N−1∑
α=1
piα + g
)2
. (57)
The rest generators of su(1.N) algebra read
HαN¯ =
√
2piα
(
pr
2
− ıpi + g
2r
)
e−ıϕα , Hα = r
√
piα
2
e−ıϕα , Hαβ¯ =
√
piαpiβe
−ı(ϕα−ϕβ), (58)
with the basic Poisson brackets {r, p} = 1 and {ϕα, piα} = 1.
In these coordinates the oscillator- and Coulomb-like Hamiltonians (40),(48) take the form,
Hosc =
p2r
2
+
I
r2
+
ω2r2
2
, HCoul =
p2r
2
+
I
r2
− γ
r
, (59)
with I given by (57).
The generic conformal mechanics with the angular part Igen(pi, ϕ) can be defined via su(1.N) generators by the
expression
Hgen = H +
Igen(
√
KHα,
√
KHβ¯)− (
∑N−1
γ=1 Hγγ¯ + g)
2
2K
. (60)
However, we are mostly interested in the study of integrable and superintegrable systems. Thus, we have to restrict
ourselves by the particular cases of angular Hamiltonians.
Superintegrable Systems
In accordance with Liouville theorem, the integrability of the system with 2N -dimensional phase space means the
existence N functionally independent involutive integrals F1 = H, . . . , FN : {Fa, Fb} = 0. This yields the existence of
the so-called action-angle variables (Ia(F ),Φa):
H = H(I), {Ia,Φb} = δab, {Ia, Ib} = {Φa,Φb} = 0, Φa ∈ [0, 2pi), a, b = 1, . . . , N. (61)
8The system becomes maximally superintegrable when the Hamiltonian is expressed via action variables as follows
H = H
(
N∑
a=1
naIa
)
, na ∈ N (62)
where na are integers (or rational numbers). Indeed, in that case the system possesses the additional (non-involutive)
integrals Iab = cos(naΦb − nbΦa), among them N − 1 integrals are functionally independent.
Now, let us suppose that piα, ϕα are related with the action-angle variables (Iα,Φα) of some (N − 1)-dimensional
angular mechanics by the relations
piα = nαIα, ϕα =
Φα
nα
, where nα ∈ N . (63)
Upon this identification the angular Hamiltonian (57) takes a form
I = 1
2
(
N−1∑
α=1
nαIα + g
)2
, with nα ∈ N , (64)
This is precisely the class of angular Hamiltonians which provides the superintegrable generalizations of the conformal
mechanics, and of the oscillator and Coulomb systems on the N -dimensional Euclidian spaces [12]!
Though the relations (31)-(38) hold upon this identification, the generators Hα, HαN¯ , Hαβ¯ become locally defined,
ϕα ∈ [0, 2pi/mα), so they fail to be constants of motion. However, taking their relevant powers we get the globally
defined generators which form the nonlinear algebra
H˜α := (Hα)
nα = dα(I)r
nαe−ıΦα , (65)
H˜αN¯ := (HαN¯ )
nα = dαN¯ (I)
(
pr − ı
∑N−1
γ=1 nγIγ + g
r
)nα
e−ıΦα , (66)
H˜αβ¯ := (Hαβ¯)
nαnβ = dαβ¯(I)e
−ı(nβΦα−nαΦβ), (67)
where
dα(I) =
(
nαIα
2
)nα/2
, dαN¯ (I) =
(
nαIα
2
)nα/2
, dαβ¯(I) = (nαnβIαIβ)
nαnβ/2. (68)
Thus, we get
{H, H˜αN¯} = {H, H˜αβ} = 0, {K, H˜α} = {K, H˜αβ} = 0, (69)
where H,K are defined by (56) and (64). For sure, the functions (68), being dependent on action variables only, do not
affect the commutativity of the additional integrals with the Hamiltonian.
In a similar way we construct the constant of motion of the oscillator- and Coulomb-like systems given by (40),(64)
and (48),(64), respectively.
For the oscillator-like system (40) the integrals take the form
M˜αβ := (AαBβ)
nαnβ =
1
2
dαβ¯(I)e
−ı(nβΦα−nαΦβ)
(ıpr + ∑N−1γ=1 nγIγ + g
r
)2
− ω2r2
nαnβ , (70)
with Aα, Bβ given by (41), (63).
For the Coulomb-like system (48) the integrals take the form
R˜α = (Rα)
nα = dα(I)e
−ıΦα
pr + ıγ∑N−1
γ=1 nγIγ + g
−
ı
(∑N−1
γ=1 nγIγ + g
)
r
n1 (71)
There are a few interesting simple systems whose angular parts are given by (64) with g 6= 0, among them are,
9• ”charge-monopole” system (and respective systems with oscillator/Coulomb potentials),
H =
3∑
a=1
p2a
2
+
s2
2r2
, {pa, xb} = δba, {pa, pb} = s
εabcx
c
r2
, {xa, xb} = 0. (72)
Its angular part is defined by the (two-dimensional) spherical Landau problem, with the following Hamiltonian
(see, e.g.[15], where one can find the expressions for action-angle variables for the angular part)
I = 1
2
(
I1 + I2 + |s|
)2
, I1,2 ∈ [0,∞), (73)
with s being the monopole number.
• Smorodinsky-Winternitz system
HSW =
N∑
a=1
(p2a
2
+
g2a
2x2a
+
ω2x2a
2
)
. (74)
The angular Hamiltonian of this system is given by the expression (64) with (see, e.g. [16])
kα = 2ω, g =
N−1∑
a=1
|ga|. (75)
For sure, this system could be viewed as a trivial case of rational Calogero model, which also belongs to the class
of systems above.
• Rational Calogero model associated with Coxeter root system [17] R ⊂ RN ,
HCal =
N∑
a=1
p2a
2
+
∑
α∈R+
g2α(α · α)
2(α · x)2 , {pa, xb} = δab (76)
where gα ≥ 0 is a Weyl-invariant multiplicity function on the set of roots [18].
The spectrum of the angular part of quantum rational Calogero model was found in [19]. Taking its classical
limit, one can get the expression of the angular (part of) generalized rational Calogero model in terms of action
variables [12]. It given by (64), with nα being the degrees of the basic homogeneous Weyl-invariant polynomials,
and g =
∑
α∈R+
gα.
Let us notice that in the angular Hamiltonian (57) the nonzero constant g 6= 0 appears, and the range of validity of the
action variables is fixed to be Iα ∈ [0,∞). As a result, the standard oscillator and Coulomb systems cannot be included
in the proposed description, since for these systems we should choose g = 0, Iα ∈ [0,∞). The first condition leads
to the vanishing of Ka¨hler structure and Poisson brackets, while the absorbtion of constant g by the action variables
immediately yields the change of the range of validity of the action variables. However, a minor complication allows to
involve in our picture the generic superintegrable conformal mechanics, oscillator and Coulomb systems as well.
Using the expressions of the constants of motion presented in [7], we can immediately write down the constants of
motions of those systems written in terms of Killing potentials.
• Conformal mechanics
H = H − g(g + 2
∑N−1
γ=1 Hγγ¯)
4K
, HαN¯ := HαN¯ + ı
gz¯α
2
= HαN¯ + ıg
Hα
2K
: {H,HαN¯} = {H, Hαβ¯} = 0. (77)
• Oscillator-like system
Hosc = Hosc −
g(g + 2
∑N−1
γ=1 Hγγ¯)
4K
, {Hosc, Hαβ¯} = {Hosc,AαBβ} = 0 (78)
where
Aα = HαN¯ + ıg
Hα
2K
+ ıωHα, Bα = HαN¯ + ıg
Hα
2K
− ıωHα (79)
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• Coulomb-like system
HCoul = HCoul −
g(g + 2
∑N
γ=1Hγγ¯)
4K
, {HCoul,Rα} = 0 (80)
where
Rα = Rα + ıg Hα√
2K
( 1√
2K
+
γ
(g +
∑N
γ=1Hγγ¯)
∑N
γ=1Hγγ¯
)
(81)
The transition to the action-angle variables (63) is obvious.
Hence, we have shown how to describe the superintegrable deformations of oscillator and Coulomb systems in terms
of noncompact complex projective spaces C˜P
N
.
V. CONCLUDING REMARKS
In this paper we have shown that the superintegrable generalizations of conformal mechanics, oscillator and Coulomb
systems can be naturally described in terms of the noncompact complex projective space considered as a phase space.
This observation yields some interesting directions for further studies, among them
• the construction of the N = 2k superconformal mechanics associated with su(1.N |k) superalgebra. For this
purpose one should consider phase superspace equipped with the Ka¨hler structure with the potential
K = −g log(ı(w − w¯)− zαz¯α − ıηAη¯A), A = 1, . . . k, (82)
where ηA are Grassmann variables. This should be the direct generalization of the one-dimensional system con-
sidered in [5]. We expect that it will be possible to construct, in a similar way, the N = 2k supersymmetric
extensions of the considered oscillator- and (repulsive) Coulomb-like systems as well, in particular, the superex-
tension of Smorodinsky-Winternitz system.
• Performing the transformation to the higher-dimensional Poincare model via (21), we expect to present the con-
sidered models in the Ruijsenaars-Schneider-like form and in this way to find, some superinegrable cases of the
Ruijsenaars-Schneider systems, as well as their supersymmetric/superconformal extensions.
• describing the superintegrable deformations of the free particle on the spheres/hyperboloids, and the spheri-
cal/hyperbolic oscillators, in a similar way. For this purpose we expect to consider the ”κ-deformation” of the
Ka¨hler structure of the Klein model, in the spirit of the so-called “κ-deformation approach” developed in [8].
• constructing spin-extensions of the above models, choosing the noncompact analogs of complex Grassmanians as
phase spaces.
We plan to address these problems soon.
Acknowledgments
We thank Tigran Hakobyan for his interest in our work and useful comments. We acknowledge a partial support
of the grant of Armenian Committee of Science 18T-1C106, and the Regional Doctoral Program on Theoretical and
Experimental Particle Physics Program sponsored by VolkswagenStiftung (E.Kh.). The work of E.Kh. was completed
within the ICTP Affiliated Center Program AF-04.
[1] V. I. Arnold, Mathematical methods in classical mechanics, Graduate Texts in Mathematics, Vol. 60 (Second edition), 1989,
Springer-Verlag, New York
[2] D. Karabali and V. P. Nair, Quantum Hall effect in higher dimensions, Nucl. Phys. B 641 (2002) 533 [hep-th/0203264].
[3] B. P. Dolan and A. Hunter-McCabe, Ground state wave functions for the quantum Hall effect on a sphere and the Atiyah-
Singer index theorem, arXiv:2001.02208 [hep-th].
11
[4] S. N. M. Ruijsenaars and H. Schneider, A New Class of Integrable Systems and Its Relation to Solitons, Annals Phys. 170
(1986) 370.
S. N. M. Ruijsenaars, Complete Integrability of Relativistic Calogero-moser Systems and Elliptic Function Identities, Commun.
Math. Phys. 110 (1987) 191; Action-angle maps and scattering theory for some finitedimensional integrable systems. III.
Sutherland type systems and their duals. Publ.Res.Inst.Math.Sci.Kyoto,31(1995), 247-353
J. F. van Diejen, L. Vinet, “ The Quantum Dynamics of the Compactified Trigonometric Ruijsenaars-Schneider Model,
Commun. Math. Phys. 197(1998), 33-74 [arXiv:math/9709221[math-ph]]
[5] T. Hakobyan and A. Nersessian, Lobachevsky geometry of (super)conformal mechanics, Phys. Lett. A 373 (2009) 1001
[arXiv:0803.1293 [hep-th]].
[6] T. Hakobyan, A. Nersessian and H. Shmavonyan, Lobachevsky geometry in TTW and PW systems, Phys. Atom. Nucl. 80
(2017) no.3, 598 [arXiv:1512.07489 [math-ph]].
[7] T. Hakobyan, A. Nersessian and H. Shmavonyan, Symmetries in superintegrable deformations of oscillator and Coulomb
systems: Holomorphic factorization, Phys. Rev. D 95 (2017) no.2, 025014 [arXiv:1612.00794 [hep-th]].
[8] M. F. Ranada, The Tremblay-Turbiner-Winternitz system on spherical and hyperbolic spaces: Superintegrability, curvature-
dependent formalism and complex factorization, J. Phys. A 47 (2014) 165203, [arXiv:1403.6266[math-ph]]; A new approach
to the higher order superintegrability of the Tremblay-Turbiner-Winternitz system, J. Phys. A 45 (2012) 465203; Higher order
superintegrability of separable potentials with a new approach to the Post-Winternitz system, J. Phys. A 46 (2013) 125206.
[9] F. Tremblay, A. V. Turbiner and P. Winternitz, An Infinite family of solvable and integrable quantum systems on a plane, J.
Phys. A 42 (2009) 242001 [arXiv:0904.0738 [math-ph]].
S. Post and P. Winternitz, An infinite family of superintegrable deformations of the Coulomb potential J. Phys., A 43(2010),
222001 [arXiv:1003.5230[math-ph]]
[10] T. Hakobyan, O. Lechtenfeld, A. Nersessian, A. Saghatelian and V. Yeghikyan, Integrable generalizations of oscillator and
Coulomb systems via action-angle variables, Phys. Lett. A 376 (2012) 679 [arXiv:1108.5189 [hep-th]].
[11] T. Hakobyan, A. Nersessian and V. Yeghikyan, Cuboctahedric Higgs oscillator from the Calogero model, J. Phys. A 42 (2009)
205206 [arXiv:0808.0430 [math-ph]].
T. Hakobyan, S. Krivonos, O. Lechtenfeld and A. Nersessian, Hidden symmetries of integrable conformal mechanical systems,
Phys. Lett. A 374 (2010) 801 [arXiv:0908.3290 [hep-th]].
T. Hakobyan, O. Lechtenfeld, A. Nersessian and A. Saghatelian, Invariants of the spherical sector in conformal mechanics,
J. Phys. A 44 (2011) 055205 [arXiv:1008.2912 [hep-th]].
[12] T. Hakobyan, O. Lechtenfeld and A. Nersessian, Superintegrability of generalized Calogero models with oscillator or Coulomb
potential, Phys. Rev. D 90 (2014) no.10, 101701 [arXiv:1409.8288 [hep-th]].
[13] B.A.Dubrovin, A.T.Fomenko, S.P.Novikov, Modern Geometry-Mrthods and Applications. Part I: The Geometry of Surfaces,
Transformation Groups, and Fields Springer-Verlag New York, 1992
[14] V. de Alfaro, S. Fubini and G. Furlan, Conformal Invariance in Quantum Mechanics, Nuovo Cim. A 34 (1976) 569.
[15] A. Saghatelian, Near-horizon dynamics of particle in extreme Reissner-Nordstro´m and Clement-Gal’tsov black hole back-
grounds: action-angle variables, Class. Quant. Grav. 29 (2012) 245018 [arXiv:1205.6270 [hep-th]].
[16] A. Galajinsky, A. Nersessian and A. Saghatelian, Superintegrable models related to near horizon extremal Myers-Perry black
hole in arbitrary dimension, JHEP 1306 (2013) 002 [arXiv:1303.4901 [hep-th]]; Action-angle variables for spherical mechanics
related to near horizon extremal MyersPerry black hole, J. Phys. Conf. Ser. 474 (2013) 012019.
[17] M. A. Olshanetsky and A. M. Perelomov, Classical integrable finite dimensional systems related to Lie algebras, Phys. Rept.
71(1981) 313.
[18] J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge University Press, 1990.
[19] M. Feigin, O. Lechtenfeld and A. P. Polychronakos, The quantum angular Calogero-Moser model, JHEP 1307 (2013) 162
[arXiv:1305.5841 [math-ph]].
